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TECHNICAL NOIE 39TL

ON FLOW OF ELECTRICALLY CONDUCTING FLUIDS OVER
A FLAT PLATE IN THE FRESENCE OF A
TRANSVERSE MAGNETIC FIELD

By Vernon J. Rossow

SUMMARY.

The use of a magnetic fleld to control the motion of electrxically
conducting flulds 1s studled. The bowmdary-layer solutlons are found
for flow over a flat plate when the magpnetic fleld ls fixed relative to
the plate or to the £fluld. The equations are Integrated numerlcelly for
the effect of the transverse magnetlc field on the veloclty and temperature
profiles, and hence, the skin frictlon and rate of heat transfer.

It 1s concluded that the skin frictlion and the heat-transfer rate are
reduced when the trensverse magnetlc fleld 1s fixed relative to the plate
and Increased when fixed relative to the fluld. The totel drag l1s
increased in all the ceses studled.

INTRODUCTION

It hes been sald that e fluld at a very high temperature 1s llke a
wmiversal solvent which cannot be contelned. A posslble method of con-
talning this fluld 1s suggested when 1t is noted that at such & high
tempereature 1t would surely contaln lons and quite probably also free
electrons. The fluid would then be an electrical conductor. The invis-
ible hand of electrical and magnetlic flelds can then be used to induce
forces on the fluld such that 1t 1s prevented from coming in direct contact
with a wall which it would dissolve.

A somewhat similar technlque haes been in use for some time In the
metal purlfication industry. It employs a high-frequency magnetlc fleld
which causes eddy currents in s lump of molten metel which in turn react
wlth the imposed magnetlc field. The metal ls thereby suspended In space
if the imposed magnetic field 1s made strong enough.

Another exemple 1s the so-called "perhapsatron"” described briefly in
reference 1. A gas 1in a doughnut shaped contalner 1s heated to a high
temperature by an electrical current discherge. Through the use of the



2 NACA TN 3971

interaction of the resulting ion current and a magnetic field, the hot . .
gas 1s prevented from coming in contact with the surface of the vessel.
An spplicetion of simller principles was used in thermonuclear fusion
experiments 1n the SBoviet Union. The techniques and results described
very briefly in reference 2 indicate that it was possible to keep the hot
fluld from the walls and to concentrate the bhot gases quickly so as to
generete a focusling shock wave.

<,

These examples Indlcate the possibilities which may be reslized
through the use of a magnetic-field force on a flowing conducting fluld.
A number of situations exdst in aerodynamics whereln a magnetic or elec-
trical fleld might be used to elleviate high convective heat-transfer
rates to a wall. Such problems arise in the flow of alr in the boundary
layer and in the viclnlty of stagnation reglons of a missile or alrplane
moving at very high speeds. If the velocity is high enough ‘the alr is
lonized and, therefore, electrlically conducting. 8See, for example,
references 3 and -4, Other examples are those associated with the flow
of the combustion products (which are hot and generslly electrically
conducting, refs. 5 through 7) in the propulsion units of eilrcreft.

The extent to which a glven heating problem cen be alleviated 1s as
yet difficult to determine. It would be well 1f a few theoretlical results

were avallable to evaluate the effect of a magnetlic field on the drag and *
heat-transfer rate. An attempt to include #11 the serodynsmle features of
the flow of alr over or inside & missile plus the magneto-hydrodynamic (or v

more correctly, magneto-aerodynemic) effecte would render the problem so
complicated as to make 1ts solution dlfficult if not impossible. It is
felt that a few simple basic theoretical solutions would point out the
advantages or dlsadvantages and yleld a rough estimate of the verlious
quantities entering the problem. It 1s the purpose of this report to
present the results of several such solutions which, it is hoped, will
extend the Information alresdy aveilable so that such estimates can be
made. BSeveral epplications of the results are indicated.

FRINCIPAL SYMBOLS

>>
b,B megnetic induction, lines/sq in.
Ce locel skin-frictlon coefficlent
CP heat capaclty of alr at constent pressure, B'bu/slug OF
-> <
E electric fleld intensity, volts/in.

. o
B u2

totel energy, CPT + =
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ert error function
erfe complementery error function, l-erf
£ dimensionless Bleslus boumdary-lsyer streem functlon

o
P S S dimensionless stresm function, equation (26)

F force, 1b
h local heat-transfer coefficlent, Btu/sec £t °F
> i1
H magnetic intensity, — , (empere)(turns)/in.
B
1 electric current, amp
>
3 electric current density in the fluld, amp/sq in.
9
J electrlic current density assoclated wlth generation of
magnetic f£leld, amp/sq in,
k thermal conductivity, Btu/sec £t° °F/ft
1 characterlstic length
oB 2

n magnetic paremeter, s Per in.

oB,®
m, 5 » ber sec
_ )
M magnetic Reynolds number, dBil
P pressure, 1b/sq in.
a ol

pU

Re Reynolds number
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Leplace transform varlable

time, sec

temperature, °r

veloclty components in x,y,z dlrections

Laplace transform of velocity u (see eq. (14))

veloelty, ft/sec
coordlnate axes, x alined with free stream

displacement thickness of boundary layer

/ueo
YJvx
excess charge density, coulomb/cu in.

megnetic viscoslty, hl_

o

coefficlent of viscosity, slugs/f'b sec

magnetic permeability, (volt)(second)/(ampere)(inch)

kinematic viscosity, % , £t° /sec
x

density of fluld, slugs/cu £t
conductivity, mhos/in.

shear stress, 1lb/eq in.

strean function ) ) ) —
Subscripts

basic gquantlty

free stream
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B magnetic induction

e electron

W at plate, n =y =0
Buperscripts

-

(™) vector quantity

¢y, Oy () derivatives

HISTORICAL REVIEW OF MAGNETO-HYDRODYNAMICS

The earliest known published works treating a problem in the flow of
an electricelly conducting fluld through a megnetlc fleld are those of
Hartmenn end of Hartmenn end Lazarus in references 8 and 9. Since that
time & number of theoretical and experimental studles have been carried
out. Some of these pertain to the flow of a conducting fluld but a larger
nunmber relate to the dynamlcs of ionized clouds or sters. No attempt
will be made here to ilnelude a complete discussion of the latter group.
However, much can be learned by studylng the papers on the flow of con-
dueting flulds. These papers will be divided into several groups according
to the type of problem treated.

1. Flow in a channel (refs. 8 through 19).

2. Flow sbout bodies of various shepes (refs. 20 through 22).

3. Related papers on astronomy (refs. 23 through 26).
The various papers wlll be reviewed briefly on a group basls and reference
to particular papers glven only in speclal instances.

Flow in a Channel

Following his invention of the electromagnetic pump® in 1918,
Hartmann, reference 8, developed equations whlch describe the steady-
state flow inside a channel in the presence of a magnetic fleld or a

1Electroma.gne‘bic pumps ere used in atomlc energy plants to transfer
radioactive solutions from one place to another (e.g., see p. 32 of Atomic
Power - a Sclentific American book, Simon end Schuster Inc., New York,

1955) .
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magnetic and electrical fleld. Interest wes stimuleted in problems of

this type vhen 1t was foumd in reference 9 that a turbulent stream could
be stabllized to the extent that 1t could be forced to return to a laminar
flow, Buch a sequence of events ls opposlite to the usual form of transi-
tion when s megnetic fleld 1s not present. Further investigations by other
authors, references 10 through 19, substentlated these results and led to

the introduction of terms such as "magnetic viscoslty,” A = , and
"magnetic Reynolds number,"” M = BIJE or Q = QIZIL .
o

The stablilizing force exerted on a conducting fluld by & magnetlc
fleld perpendicular to the flow direction comes about because of the elec-
trical current which 1s induced. The portion of the fluld moving most
- rapldly crosses more magnetic lines of force. than lts nelghbor which is
moving at a slower rate. Since the electrlcal potentlel induced locally
1s dlrectly proportional to the number of lines crossed per unlt time, a
potential or voltage difference 1s brought about between the two lumps of
fluid, If the fluid is conducting, an electrlecal current will flow between
the two points. By virtue of the resulting induced magnetic forces the
more rapldly moving fiuld 1s decelerated end the slower moving fluld 1s
accelerated. '

Stebilizaetion is also achleved because of the fact that the comducting
fluid experiences a force whlch resists the motion across the magnetic
lines of force., For example, 1f the maln fluld flow direction is parallel
to the magnetic lines of force, no interactlon tekes place between fluid
and megnetic field umless some deviation or instebility arises., In thils
event, a restraining force will be induced which 1s proportional and
opposlite to the veloclty component perpendicular to the lines of force,
tending to damp out the initial Instabllity,

The types of stebllity described ebove were studled in references 13
end 14, The transitlion boundaries are given in graphical form for a range
of the megnetic parsmeter. It was observed that a considerable increase
in leminer run could be achleved at the higher values of the megnetic
parameter.

Flow About Bodles of Varlous Shapes

The papers describing the external flow of a conducting fluld about
bodlies are small in nunber. The three references listed, 20 through 22,
describe the flow of a conducting fluid around a circulsr cylinder end a
sphere in the presence of a megnetic fleld; the third paper treats the
stabllity of the flow between rotating cylinders. 8treamllines are shown
in the first two cases and the stability boundery for the latter case,
Problems in this category are naturally more difficult then the
unidirectional channel flow problems dlscussed in the previous section.



£

RACA TN 397L T
Related Papers on Astronomy

A need for understanding the motion of electrlcally conducting fluids
(1onized clouds) has been felt by astronomers for some time. The Gimen-
sions and quentities consildered are generally not reproducible in the lsb-
orstory or in the earth's atmosphere; however, some of the equatlions and
results may be applied to serodynamic problems.

In reference 23, Batchelor investlgated the possibllity of sponteneous
magnetic fields arlsing 1n s conducting medium a8 & result of turbulence.
He found that unless bsiov > 1 such £lelds cannot occur. In ell foresee-
gble problems in serodynamlcs Ysfiov is many orders of magnitude less
then 1, ruling out spontaneous magnetlic flelds in a fluld due to
turbulence.

The menner and veloclty at whlch pressure waves are propagated in
an ionlzed fluld and other cosmic problems are treated in references 24
through 26, The resulie of these studles on wave propagation mey be
useful in studylng Interference problems on high-veloclty slrcraft.

MAGNETO-AERODYNAMIC EQUATTONS

The equations whilch describe the flow of an electrlcally conducting
fluld in the presence of magnetlic and electrical f£lelds wlll now be dis-
cusged. The equatlons are simpllified to the extent that the flow is
assumed to be incompressible and to have constent properties (Cp, W, k)
throughout the flow fleld. In sll cases except one, the comduectivity of
the fluld 1s assumed to be constant.

Momentum-Transport Equations

The momentum-transport equations for the flow of a viscous
incompressible fluld conslist of a comblnation of the force terms arlsing
from the excess charge density 6, and induced magnetlc effect due to the
motion of the conducting fluld through magnetic lines of force (see, €ele,
refs. 23 and 27) and the usual Navlier-Stokes relatlons (see, e.g.,
ref, 28). In equation form, these force terms are,

> > > >
F=0E+JxB

9
where the term 6E results from the electrostatic force on the excess
charges due to the presence of an imposed electric fleld ]-:.? The second
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term descrlibes the force on the fluld due to the interaction of the

electric current, ?, in the fluid and the megnetlc induction g The
differentlial equation can be wrlitten In vector notation as

>
)
p

218y
oIl

> >
J +%gra.dp=vVU (1)

where p 1s the fluld density, & 1is the excess charge density, end W
is the magnetic permeability. The substential derivative D/Dt is
assoclated with the use of spatial coordinates. A simpllified version
of Maxwell's equations eppropriaste for the present problem 1s

> > > >
ddvE=0; dvJ=0; T=B (2a)

curl ﬁ)= lhr? (2v)

A reduced form of the generalized Ohm's law is, from reference 29,

?= U(E+ 'D.-I>IX-H>) (2¢)

The more complete form given as equation 2-22 in reference 29 includes
additionel terms accounting for gravity and pressure gradlent effects.
Both of these factors will be assumed negligible in this analysis. It
will also be assumed that the conductivity, o, does not have dlrectional
propertlies.

The continulty equation 1s
-
dvU=0 (3)

Bquation (2b) expresses the relation b;twee.n the megnetic intensity
9
H and the total electric current density J. The dlstinction between

the current densltles Tand ? Iies in their location and action. Con-
glder firet the situation when the fluld 1s statlonary and the electric
fleld intensity E 18 zero. The current denslity in the fluid is then
> g
zero. The magnetic fleld strength i or magnetic induction By = HH,

is a result of an electric current ?o outside of the fluld. The
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>
current denslty ‘To could be thought of as an electric current in a coll
or electromegnet outside the flow region producing a magnetic £leld of a

.9
glven number of lines of force per unlt area. The relatlion bebtween Jo
9
snd H, 1s glven by equation (2b). The basic magnetic field strength will
>
be designated as H,.

> When a conducting fluld moves through the magnetic lines of force,
B,, the positive and negative charges are each accelerated in such a wey

> > >

that thelr average motlon glves rlse to an electric current J = oU X B,
> > > >

where B =B, + b. The quantity b 1s the magnetic induction resulting

> >
from the electric current J 1n the fluld. In this analyslis b wlll be
consldered as a perturbetlon on the baslc fleld strength and negligible 1n

>
comperison with B,; that is, from equation (2b),

curl(go + '?) = hﬁ(?o + .19) = h-:tﬁ?

or

> >
curl By = Lsxiid,

> >
curl b = lsft]

> >
vhere B, >> b,

-
If an electric potentlal E were to be imposed across the flow field,
>
the current denslty would be changed by ?a oE. However, the boundary

-
conditions wlll be teken so that the lmpressed potential, E, 1s zero.

Therefore, ?= d'?x :-'?oi that 1s, the electrlc current 1s proportional to
the voltage generated by the relative motlon of the fluld and magnetic
fleld.

The fluld 1s assumed to be lonlzed end thereby an electrical
conductor., However, wlthin any small but finlte volume the number of
particles with posltlive and negatlve cherges are nearly equal. The total
excess charge, €, in this small but finite volume will be teken as equal
%0 zZero. It has been shown 1n reference 17 that a very small increase
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in viscoslty is reellzed due to the increased ordered-mligration velocltles
of positive and negative lons ln ‘the presence of the electrlic fleld. This

>
effect wlll be neglected and the electrostatic force term, 6E wlll be
assumed to be ldentically zero.

> >
The lnduced electromagnetlic force term, J X By will now be related
to the local velocilty vector, The procedure used in references 10, 139,

and 22 which results in the magnetic parsmeter % (ratio of electro-
p

magnetic and inertls forces) and the megnetlc viscosity A = ll-:-_oﬂ.' will
not be used. Instead a procedure will be followed which will lead to

o821

the magnetic paremeter, Q =
and 13.

» used by references 7, 9, 11, 12,

> >
A reletion between J X B and the veloclty 1s cobtalned from
equation (2). It will be assumed that:

(1) Megnetic field lines are perpendicular to free-stream
veloclty.

(2) Permesbility [T is constant throughout the fluid.

(3) The assumptions already made are that the excess
charge denslty 6 and lmposed electrlc fleld
Intensity E are a.ssumed. to be zero.

(1|-) Induced megnetic fleld b is neg]_'l.gl'ble linearlzing
the induced magnetic force term,

The first assumptlon 1s not highly restrictive since the perpendicular
component of the magnetic field is the only part comtributing a force
which will change the lsminer veloclty proflle., The other assumptions
are reasoneble physlcel approximatlions.

If these assumptions are used together with equation (2¢) » the
Induced magnetic force term becomes

p

_?_’ﬂ=-§(ﬁxi,)x?<, (5
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From vector relationms,

ek g (R)h 5[ 1) 2 )

-5
However, 1t has been assumed that Bo 1s perpendiculsr to the free-stream

veloclty ?oo (assumption (1))}, In the problems treated, the local velocity
direction dlffers a negliglble amownt from the free-stream dlrection so

.>
that go * U = 0 and the linearlized magneto-hydrodynamic force term becomes

> >
B

(1% B wF (6)

The _‘pa.:ma:me'l'.e:r.‘2 m Iis related to the viscous and magnetic Reynolds numbers
of references 8 through 12 by

i oBo-l _ ol 1 W
U, L pU Re
m
Equation (1) may then be written as
> 2
?’—EGT.+——°—UBP ?+%gre.dp=vV2? (1)

In the development of equation (T), 1t was assumed that the velocity
of the magnetic fleld is zero. B8Slnce only the inductlve force is being

2From electric motor equations, it can be shown that

force
12 X veloelty

@02 =

and therefore

2
0Byt . magnetic pressure
1M dynamic pressure
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BE (@ 2>
considered, the second term becomes —pg— U - Ug ) for a magnetic field
-
in wniform translation, where Ug 1s the veloclty of the magnetic fleld.

When electrical currents flow in a plasma 1t is well to define the
conditions at the solld boundaries of the flow fleld. The problems
treated are assumed to be two-dimensionel with the electric current flow-
ing from and to Infinity parsllel to a flat plate and perpendicular to the
stream direction., The configuretion msy also be thought to consist of flow
in a wlde channel with the two side walls as conductors connected by a con-
ductor of negliglble resistance located outside of the influence of the
flow field. The flow in the middle of such a channel should approximete
the two-dimensional type of f£low being analyzed. Such phenomens as charge
accumulation and boundary effects at the walls wlll be assumed negliglble.

Thermel Energy Transport Equatlon

The differential equation describing the relationship between the
convectlon and conduction of thermal energy and the work done on an
electrically conducting £fluld in the presence of a magnetic field is
found by comsidering the energy entering and leaving an elementary cubie
box. The result is glven by

o B £ B 40T @ @
CRONCR RS S

The derivation of equation (8), with the exception of the second term on
the xright of the equal sign, can be found, for exsmple, in reference 28.
The. term on the left of the equal sign tekes account of the enthelpy
trensported by the motlon of the fluld or by convection. The Pirst term
on the right represents heat conducted from one element of fluld to the
next by molecular motion. The expression, J%/v, 1s the heat added by the
electrical current produced by the motlion of the fluid through magnetic
lines of force or by an imposed electrical field (see eq. (2¢)). The
remaining terms arise when work is done on the fluld by either pressure
or shear forces. The symbol D/Dt 1s the substantial derivative of the
particular quantity and V2 denotes the Laplacian.
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If the general expresslon for the electrlc current density, as glven
by equation (2c), is inserted into the expression for the heat added by
electrical mesns, the result 1s

J;=0(E+?xg)a (9)

It has been assumed that the electric fleld E 1s zero and that the
magnetlc field lines are perpendlcular to the free-stream direction.
To a good approximation in the problems to be considered, equetion (9)
can then be written as

_ o (10)

vhere U° must be written as (U - UB)2 when relatlive motion exists
between the magnetic fleld and the plate. Equetion (8) is then

R L CRCRCE
e¥-e¥.eY  w

IMPULSIVE MOTIOR OF A FLAT PLATE

The lmpulsive motlon of an infinite flat ;pla.'be:3 In & visecous fluld
serves as a model for the boundery lsyer on a semi-infinite f£lat plate.
The advantages of working the problem of the impulsive motlon of a flat
plate are that 1t 1s slmple enough to yleld a result in closed form and
suggests the proper cholce of parameters to be used on the more complicated
problem of a seml-Infinite flat plate.

The veloclty profiles will be found for the two cases. In the flrst
1t wlll be assumed that the magnetic lines of force are fixed relative to
the plete, and the second relative to the fluld. In both cases the fluid
i1s of uwniform density and viscoslity, and has the same electrical conduc-
tivity throughout. A third case, in which the magnetic fleld 1s fixed on

®Mhig problem is often referred to as the "Rayleligh problem™ when the
fluld is incompressible and nonconducting.
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the plate and a compensating pressure gradlent exlsts in the fluld, will
be shown to be equivalent to the case wherein the magnetlc fleld is fixed
relatlive to the fluld. The problem whereln the fluld conductivity varles
wlll not be consldered. The fluld and plate wlll be assumed to be inl-
tially at rest. At time + = O, the plate will move lmpulsively with a
glven veloclity.

Magnetlic Fleld Fixed Relative to the Plate

y At time + < 0, the fluld, plate, and

magnetic field are assumed to be everywhere
Ve statlonary. At time + = O and for all later
times the plate and magnetic fleld are moving
v at veloclty u = u, (sketch (a)). The prob-
lem 18 to find the veloclty-time history of
the fluid.

| I O e

The velocity in a given ¥y = constent
plane does not chenge with x. It can then
be reasoned that the vertical, v, and trans-
Sketch (a) verse, W, velocities are zero or negligible
together with the pressure gradients in all
directions. Equation (7) then reduces to

Pm.\ ?n

2
By , ., U

P ay*

(12)

ou
ot

Since the magnetic fleld is moving and the fluid is initially at rest the
relative motion must be accounted for. Equation (12) 1s then

o, @y, P
gb.q. ) (u ubo) Vay2 (l3)

The boundary conditions are

u=v,, y=0, t20
u=0 , y>0, +t=0

The Leplace transform of the veloclty u 1s deflned as
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T = f e85y at (14)

[o]

Applying the Laplace trensformation (see, e.g., refs. 30 and 31) to
the first term in equetion (13) glves
+8 f e 8%y at

l(éﬂ) f" -t du -st
)= e = dt = +ue
3t/ J dt o A

= 8T

If the other terms of equation (13) are treated similsrly, the transformed
equation 1s

sﬁ'=v:‘fi+r—us&-ml‘lr
or
& + Y\ MU
EF_’“(E—V ) - (23)

The solution to equation (15) is the sum of the solution of the homogeneous
equation plus the partlcular solutlon, that 1s,

me e
s(e +m;) s8(s +m)

U=

Cl(s)e

The constent C, 1s chosen equal to zeroc to fit the boundary condition
that T must be finlte at y = w. The integration constent C,(s) is
found from the boundary condition at y = 0; that 1s, on the plate

o = o
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The Leplace transform of wu, 18 uy/s. Therefore

C,(8) = —
1(8) o
and
~y [ 2
Tomdto % WY (16)
s(s+my) & +my
24 Equation (16) cen be inverted
with the ald of reference 30.
Combining several terms glves
el U=, {1 - e-mlterf

J
A
T (17)

The symbol erf denotes the
error function of the argument.
The error function 1s dlscussed
in reference 31 and tabulated
extensively in reference 32,
Typlcal veloclty profiles are
| \ ghown in sketch (b). If my
u 1s set equal to zero, equa-
=g tion (17) reduces to the result

for the Raylelgh problem; that
Sketch (b) is,

2ub=-o"

u = U, 1 - erf —
2Jvt

The velocity is & functlon of y/2-J vt only and therefore a single profile
suffices, However, when s magnetlic field is acting on the fluld, the
velocity profiles are not similer because they change with time according

to e'mlt. The fluld at infinity is accelerated by the magnetlc fleld so
that the entire mass of fluld is accelerated by the magnetic fleld. It

i8, in fact, accelerated more rapidly than yhen the only force is the
viscous actlon between layers.
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" The skin-friction coefflclent 1s expressed as
« p(3u/3y)
¥=0
e, = (18)
£ PUs /2
so that, from equation (17),
cp = 2V__ eyt (19=2)

uw-.]ﬁvt

Velues of cg are shown in graphical form in sketch (c). When m; 1s

zero, equation (19a) reduces to the skin friction for the nonelectro-
megnetlic Raylelgh problem.

L6}—
L2
—ac,
2/vm,
8
5 =
Fixed relative plate
| | | l
o} 2 A 8 X ]
~ m

Sketch (c)
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The change in the veloclty profile 1s a result of the force exerted
by the magnetic fleld on the fluld. The reactlon on the umlt generating
the magnetic fleld 1s expressed as

-0

F/unit area = f 0Bo2(uy, - u)dy = o‘IBoae-mlt fy erf —{— dy (19b)
5 2.Jvt

The force per unlt area goes to infinity as the upper limit of integration
goes to Infinity because the magnetlc fleld extends undiminished an
infinite distance from the plate, Thereby, an infinlte amount of fluld is
eccelerated, resulting in an infinite forece.

Magnetlc Fleld Fixed Relatlve to the Fluld

At all times less then zero the fluld, magnetic fleld, and plate are
agsumed to be at rest. At time + = O the plate begins moving with veloe-
1y u = uw but the magnetic f£ileld remeins at rest, The differentisal
equation 1s the same as equation (12) because there 1s no relative motion
between the fluld et ¥y = » and the magnetic field.

wl\)
=

(20}

1

?—a:-+m1u v

The boundary condltions are
uve=y, at y=0 t2>0
u=20 at y>0 +=0

Applying the Laplace transformation to equation (20), as was done in
the previous section, ylelds the transformed equation

vjaz—aﬁ=ﬁ(s+ml) B

The solution to thils ordinary differentlial equation 1s
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B
-y /ﬂ +y [2E
T = C,(s)e vV & Cge v

vhere the constent C; 1s set equal to zero because of the requirement
of a finite velocity at ¥y = . The integration constent, C,(s), 1s
found from the boundary condition et y =0, t+ >0, as

Cl(s) = E:;
Equation (20) can be written as
-J -
U= oo e . vJ_V-
(6 + my)-my

This equation can be inverted wlth the ald of reference 30 as

U= u—f e-}_'“/$ erfc(é—\,%_? - -J'nTl'E) + e+y‘/%_. erfc(;jy—.v_; + Jz?.,__t) (21)

The symbol erfc denotes the 24
complementary error functlon
defined as 1 - erf (see,

e.g., P. 370 of ref. 31).

The veloclty 1s once asgain
dependent on more than omne
parameter so that a single 16
similaer proflle cannot be

drawn. Several profiles are
shown in sketch (d). The Y43
fluid at y = o« 18 not dis-
turbed 1n thils case because

the veloclty across the

megnetic lines ls zero., In

the viclnlity of the plate

the induced magnetlic force
counteracts the accelera-

tlon force of wvilscoslty

resulting in en increased 0 7 3 12
rate of shear at the walls - %
a8 expressed by the skin- @
friction coefficlent Sketch (d)

ts O
8 =

sl
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~my G
cf=g(/£erf mt + = (22)
Yoo v :J nvh

Even at time, t = «», a friction force acts on the plate - a situatlion
contrary to the previous case and the Raylelgh problem., Values computed
by equation (22) are shown in sketch (ec).

The force on the magnetlic fleld ls glven by

F/unit area = f 0B, u dy (23)
[o}

where u 1s given by equation (21). The force is finite in this case.

Another case which may be of Interest arises when the magnetic field
1s fixed on the plete but a pressure gradlent compensates for the actlon
of the magnetlic fleld at y = =, A flow of this character may be imagined
to exist in the early stages of boundary-layer formaetlion on the walls of
a two-dimensional channel. The conducting fluid 1s assumed to be pumped
through & chenrel contalning e statlionary transverse magnetic flield. A
pressure gradient arises automatically to compensate for the resistance
of the megnetic fleld. The equatlions then descrlbe the boundary layer as
a function of time, after the pump has started. For this case equation (N
reduces to

u i 13 _, %
a_I:+m;_(u. u°°)+pax vay2

The pressure gradient %%& 1s found by examining the boundary conditlon

mentloned above at Yy = w. At ¥y = o

du _ Pu 0

—=——=u=

ot ¥F

Therefore, at y = w,

1
-mu_+ = =0
1% 7 o 3x

and the sbove eguation becomes equation (12). 8Since the boundary
conditions are the same as when the magnetic fleld wes f£fixed relative to
the fluld, the results shown in sketches (c) and (d) apply here also.
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BOUNDARY LAYER ON A SEMI-INFINITE FLAT FLATE

In the anslyslis of the boundary layer on a flat plate moving
impulsively, 1t was found that the shape of the boundary-leyer veloclty
profile changes with time, necessltating a new calculation at each instemt.
Therefore, a simple transformation of the coordinates would not yleld a
pimilar solution wherein all profiles could be drawn as one. It 1s then
t0 be expected that in the f£flow over a semi-Infinite flat plate in the
presence of a magnetic field, a similar solutlon will not exlst. Since
the boumdary-layer solutlon of Bleslus 1s not known in closed form and
the veloclty profiles at two dlifferent stations along the plate are not
similar, a numerical solutlon to a serles expansion 1s found by the method
used In reference 33. The first- or zero-order term is found to be the
seme as the Blasius solution which is well known and is tebulated, for
exemple, on page 103 of reference 28. The first nonzero term willl be
calculated for the cases studled here.

The boundary-leyer veloclty and temperature proflles will be foumd
for three cases. The conductivity of the fluld 1s assumed to be umiform
throughout the flow fleld in the f£flrst and second cases. A pertlcular
varliation is assumed in the third cese. The magnetic fleld 1s fixed
relative to the plate in the flirst and thlrd cases and relative to the
fluld in the second case. A fourth case 18 shown to be equlivalent to
the second.

Magnetlic Fleld Fixed Relatlive to the Plate

Veloclty profile.- The magnetlc field
1ines of force are assumed to be perpendlculer
to the free-stream dlrectlion and to begin at
the leading edge of the plate as indlcated in m v} -
sketch (e). An experimental setup may be = T 1
imagined to consist of a wing or flat plabe
in a stream of conducting fluld such as Sketch (e)
mercury, sodlum, or salt water. A magnetlc
fleld 18 lmpressed across the entire channel
using elther a permsnent or electromagnet.

p—

On the basls of the usual boundary-layer assumptlons, equation (7)
reduces to

du du u

U—+V—4mu=v — (24)

dx dy oy

The boundery condltlons are that u =0
v=0

t y=0and u=1vy, upstream
of the plate. At ¥y = », Ju/dy =

a
and dou/dx = -m;. Equation (2k)
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i1s the same as the incompressible boundery-layer equation except for the
additional term myu. As was done 1n the Blasius boundary-layer solution,
the transformation,

E=x
= (25)

18 introduced. The stream function, ¥, 1s defined as
' 2
¥ = Juvx l:f°+ NJox £, + mxfy + (m:c)a,af,3 + (mx) £, . . ] (26)

vhere the functlons f£,, £y, £2, « « . are functions of n only. The
serles expangion in J is suggested by equatlon (ZL), where the exact
form of m 1s yet to be determined.

The velocity components and thelr derivatives are found from
equations (25) and (26) as

L O3k 3y
By agay on oy

u = u,,[fo' + I £yt o mxfy' o+ (mx)3/2 £ + (mx)®g,' . . ] (27)

v_-_‘k__ét_i o¥ o1
Ot dx on x

V= -

W

[f PaEx £y o omxEy' + (mx)3/2¢ £5' + (mx)?e,' + . . ] -

-~

-fﬁ[fw&l_f + 3mxty + Mme)>Z2_ & 5(mx)e, + . . ] (28)

o
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Simtlarly,
% = - _21111_2? [fo" + X £ + mxE" 4+ (mx)SIZfs“ + (mx)af: oo ] +
ua_.; [»JE £, + 2mxf," + 3(mx)322," + b(mx)®e," + . . ] (29a)
%;. = Uy, % [fo" +Nmx 2,7+ mxf" + (mx)®/22,." + (mx)e," + . . .]
(29v)
3211 = u°°2 £ J— p_m mee ™ ( )3/2f m ( )zf m

(29¢)

When equations (27) through (29) ere substituted into equation (2k) and
the like powers of

_B B
T U, © " Rey (30)

are equated, the followlng differentisl equations result:

2L, ™ = -£,"f, (312)
2E,M = £ 1R Y - 0, - 28,5, (31b)
2™ = 2F'E," + £, 18, - £of," - BE" - 385" + 28] (31e)

21’3“' = 3f°lfsl + BfZlflt - fofs" - 2f1f2“ - 3f2fl" - )-l-fsfolt + 2f1 (316-)
2f4"' = ll'fo'fdr' + 3f1’f3' + 2faif21 + fs'f:L! - fof‘“ - 2f1fs‘ll -

3E,E." - BEGE,™ - SEE" + 28" (31e)
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The boundary conditions are

fol = f]_' = fai

f3'=f4l=-¢.=o a‘b T]=0

)
|

=1end £3' = -1 at 1=

f'=f3'=f4'=f5'=uc.=o at Tl=w

From the boundsxry conditions and equations (31b) and (314), the solution
to £y and f3 18 teken to be zero throughout the flow field. This fol-
lows from the fact that £, and f3, . . . are zero on all the boundaries
end the differentliel equetions are satlsfled if £3 = £f3 = 0. Therefore
1f the solution is unique, 1t must be zero (eigen solutions are exclud.ed.S.
Iikewlse, it 1s seen that the solutions for £z, f4, . . « are not zero.
The differentlal equetlons may be wrltten as

£2™ = £o'fa! - % £of2" - 2 fafo" + Lo (32a)
£,™ = 2£'E4! + fo'fat - % £o24" - % £ofo" - g- Fofo™ + £2'  (32D)

The dlfferentlial equations for £ and f4 &are linear ordinary
dlfferentlal equations with varlable coefficlents. 8Slnce the coefflclents
(Blasius solution) are not known in closed form, the equations must be
Integrated numerlcally. Only the function £z of the serles wlll be
found because the work lnvolved ls slzeble and 1t is the intent of this
study to find the over-all trends and gross effects rather than precise
results.

The Runge-Kubta method wes used to integrate both the homogeneous
end nonhomogeneous forms of equation (32a). The integratlon is started
at the surface of the plate using two boumdary conditions and then assum-
ing a value for f£3". The correct solutlion is found by & proper combina-
tlon of the numerlcal solutlons ©o the homogeneous and nonhomogeneous
equations. The factor by whlch the homogeneous equation is to be multli-
plied 1s found from the bowmdary conditlon at 1 = o, The numerical
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- results for fs are tabulated

NACA TN 39TL

in table I(a) and velocity pro-
flles for several values of mx
are shown in sketch (f). The
veloclty proflle for mx = 0.5
is drawn to Indlcate trends and
1s probebly not preclse slince
higher order terms in equa-
tlon (27) may have become
notable.

The skin-friction coeffi-
clent and the dlsplscement
thickness are

_0.664-1.788 mx+. . .

Ce
JBex

(332)

8% = mxy+ (1.73 +0.54 mx) ;—:

(33b)

The drag on ‘the plete whlch arises because of the magnetic-field-

fluld interaction 1s

y->o
F/unit erea = f choau dy

(o]

Substituting equation (27),

F/unlt area = dB,2 Jumvxf
°

= 0By JOVE (£

The force l1s finlte only for a conducting layer of finite thickness.

a5
12
Sketch (£)
N>
(fO’ + mﬁz' + < .)d‘“
-
o + mxfs + . . .)o"1 * (33¢c)

Temperature profile.- When the pressure gradlents are reasoned to be
everyvwhere zero and the usual two-dimensional boundary-layer essumptions

are mede, equation (11) reduces to
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If total energy 1s defined as
E ===C:I,EI3+1;—2 (35)

equations (24) end (34) cen be combined to yleld a differential equation

for the transport of totel energy E; that 1s, i1f equation (24) 1s multi-
plied by u, added to equation (311-), end the Prandtl number, Pr, 1s assumed
to be 1.0,

2
uéE—.pv.a_E.:v—aE (36)

dx Ay dy?

Although the tempersture distribution is altered by the presence of the
magnetic fleld because u and v are affected, the totel energy of the
conducting fluid is not. The kinetic energy removed by the force of the
magnetic fleld 1s exactly equal to the heat generated by the electrle
current, independent of the fleld strength By and the conductivity o.
An anslogy may be drawn by consldering a similar situation for am elec-
tric motor. Assume the motor to be rotating at a glven speed. The power
18 then turned off and the armature 1ls short-circuited. The motor wlll
decelerate at a& glven rate depending on the fleld strength, reslstance of
the circult, and rotatlonal speed, just as in the £fluld flow problem. The
temperature rise of the wlres, Insulation, etec., however, depends only on
the initial kinetic energy of the rotor. If the conductlivity of the wires
(or fluid) is reduced, the time required to stop the motion will be
increased but the total J33/c or jJoule heat is not chenged.

A first-order estimate of the influence of the magnetlc fleld on the
temperature profile cen be found from equation (34) together with equa-
tions (25) through (29) and table I(a). Assume that

T a To(n) + To(n)mx + T(n)2 + . . . (37)

vhere, Tp, Tyy . . . 8are functions only of ¢ = y/v&; and

Ty = T3 =T+ . « =0 a8 in the part of the problem dealing with the
veloclty profile. The derivatives of the temperature wilth respect to
X end y are found es



ox Ot ox dnox
-gx—?=%[mﬂ2+2fﬁ4+...-—(T°'+mﬂ2'+m2x2‘13'+...
T 3T O _ fUe

T——= = — T' ].'ﬂ]ﬂ." J?Tl « o =

S 31 37 vx( + mxTp! + mPxT, ' + )

L (38)

When the various expressions are inserted into equetion (34) and terms
conteining lilke powers of mx are equated, the differential equations

for Tp and T, are

To" | To'fo Ve (f") _
Pr+ > + G, =

o

" Tf z :
'1;2;‘ * '32—0 - £'Tp + % £2To" + u—“'c;- £,12 + 2fo“f2") =0

The boundsry condltions are

To

To

T2|l = Tzl =0

Ty
Tco

T, =0

at

1=0
1 =
N =
1=0

The solution to equation (39) was first found by Pohlhausen and is

discussed on page 246

£f. of reference 28.

(39)

(ko)

The fumctlon T,(n) 1s the

temperature profile for a boimdary layer on a flat plate and is glven

by (assuming Pr = 1.0)

T0=Tm+<ﬂw-%-£(l-fo')+%

o)

(1)
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The derivative of T, +o be inserted into equation (L0} becomes

2 -
Tyt = - fo"@w - T, - f°'> (52)
o

2
- o
2Cp

For simplicity, the temperature of the plate will be assumed to be the
seme as that of the fluld far from the plate; that is, T, = Te.
Equation (40) then becomes (Pr = 1.0)

! 2 2
To" + ':_ fo = Lo'T2 + % 50" 121_:; & - fo'> + —u; (fo|2 + fo"fz") =0

(43)

Equation (43) was integrated
numerlcally by the seme method

used for equation (32a) and

the results are tabulated in . .
table I(b). Several tempera-
ture profiles are shown in
sketch (g). The quantity of
heat transferred to the plate
per unlt time Is

q=k§) (ike)

¥=0

The local convectlive heat-
transfer rate 1s
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% _P%% (66 0Ok mE - . .. ..} (4iD)
u /20, 2 [Reg :

In the limit as the conductivity or fleld strength venishes (m —> 0),
equation (4kb) reduces to

h) = kf_o_ubi (1|_5a)
m=0

wfEey

or by virtue of equation (33a)
1 %
n) -ie (150)
m=o 2 2% pr

Equation (4Sb) is often ldentlifled as Reynolds anslogy. A simlilar relation
of equal simpliclity wae not found for the problems treated In this paper.

The dlfferentlial equation for flow over an lnsulated plate ie obtalned
from equation (40) by introducing the proper expression for T,'. The
solution of equation (39) for the insulated plate case 1s (see, €el.y
ref. 28)

2
T =T, + b (1 - :E'o'z) (46a)
2Cp
and therefore,
2
T = - % 2512 " (46b)

Equation (4O) then becomes, for the insulated plate case (Pr = 1.0),

T'F, 2 2 '
T2" + 2 0 - folTa - 3um fafolfoll + ul (fota + 2f0“f2“) =0 (]+6c)

2 2CP Cp
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The temperature profiles’

(teble I(c)) for several values
of mx are shown in sketch (h).
It is to be noted that the
recovery temperature 1s not
eltered by the magnetic field.
Such a result 1s to be expected
since the magnetic fleld and
the fluld at the wall do not
Interact.

Megnetic Fleld Fixed Relatlve
to the Fluld

Veloelity profile.- In thils
case the magnetlc lines of force
move past the plate at the free-
stream veloclty. The fluid,
which ls decelerated by the
L2 vlscous action of the plate,

T—;I”- recelves & push from the mag-
o netic fleld which counteracts
the viscous effect. Such a
Sketch (h) situation exlsts when a plate,

vene, or wing moves through a
statlionary electrically conducting fluld and magnetic field. The bownd-
ary layer on a wing of an elrcraft flying in the lonosphere over the mag-
netic poles of the earth could also be considered to correspond to this
case. Under these clrcumstances, equetion (T) reduces to

u, ,du, Bo _, du
TS D (11-11,,,,)—1»832 (47)

If the tranaformation of coordinates end the stream function described by

equations (25) end (26) are introduced into equation (47), a set of ordi-

nary linear differential equations with varlable coefficients is found Ffor
£1, £2, £3, £4, . . . The boundary conditions are

foafy=fh=fgm...=0 &t =0
fo' =f1' =f'afzg'"=.,.=20 et =0
fo =18.nd. fl' =f2' =fa' = e e o =0 at Tl=w
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As in the previous case, it 18 found thet f£; =f3=. . . = 0. The
differential equations for £; and £, are then
m _p ot Lpren _3 n t
fa = fo fa - E fo 5" - 5 fzfo + fo -1 (}-1-83.)
£ = 28, 8yt + £o7ER! - % fofs" - % fofo" - g £45" + £2! (h8’b)

For the reasons polnted out 1In
the previous case, only the
solution for the functlon £>
was found. ‘The integration was S
carried out by the same method
described in the previous sec-
tlon and the results are tebu-
lated in table II(a). Several
velocity profiles are shown in
sketch (1). The local skin- “r
friction coefficlent 1s

=0.661l-+2.293mx+ « o o

s 4 ol
JRex
(49a)
and the displacement thlickness 0 .j; F) 12
is .
Sketch (1)
8*=(l.73-2.2l.mx-...+...)%§- (49b)

The disturbance caused by viscous actlon on the plate results In &
force on the magnetic fleld, which 1s glven by

y>e
F/unit area = f Bo (v, - w)dy

o
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From equations (27), (66), and teble II(a),

N>
F/unlt area = o‘.Boaumf (L - £,' -mxfy' - . . .)dy
)

(49e)
= 2.9 o8BS Juyx

The force would appear as a reaction on the unit generating the magnetic
fleld and not on the model which dlsturbs the fluld.

Equation (47) is identical with the differentiel equation for the
case when the magnetic fleld is f£ixed wlth respect to the plate and a
pressure gradlent exists Just strong enough to compensate for the elec-
tromagnetic effects at 1 = », The boundary conditions and, hence, also
the numerical results of teble II(a) and sketch (1) can be applied to
this problem.

rature profile.- S8ince the magnetlic fleld lines are now moving
relative to the plate, the expression for the electrlc current in the
fluld 1s

J = oB(u - uy)

The equation for the transport of thermal energy in the boundary layer
then becomes

2 2
ity Zr gvey - ob(u - wa)” - SR L4 () (0)

If equations (47) and (50) are combined to describe the transport of total
energy in the boundary layer (Pr = 1.0),

2
+ UlU = Up)aByo = aayE (51)

3E , ., 3E

D’U-ax .

where, as before, E = CPT + % . It 18 seen that the presence of the
magnetic fleld adds energy to the locel element by doing work on the
fluld retarded by viscosity. The magnitude of the work depends on the
veloclty, electrical conductlivity, and fleld strength.
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When the transformation of coordinetes, equation (25), end the serles
expension, equation (37), are inserted into equation (51), & set of dif-
ferentlal equations 1s obtained for Ty, To, Tey - « » The relation for

T, i1s the same as equation (39) end that for Tp is

" o 3 "-ltz:o2 2 e n
—P-;+—2—T2' -fo’T2+E-f2'I‘o' = (1 - £0) +28,"E," 1 =0 (Ra)
P

When the expression (42) is inserted into equation (52a) and it is assumed
that T, = T, and Pr = 1.0, the result 1s

£ ’ 2 2
2" + -23 To' - £5'T2 + E—"'c; l:% fafo“@ - fo') + (1 -£') + afo“fa“] =0

(52b)

The beundery conditlons are

I
o

Te =0 at 1

To =0 at 1q

The numerlcal Integration
of equation (52b) was carried
out by the method used earlier
and the results are tabulated
in tsble IT(b). The temperature
profiles shown in sketch (J)
correspond to the same values
of mx shown for the veloclty
profiles in sketch (1). The
temperature gredient and the-
heat transfer to the wall are,
respectlively,




34 RACA TN 3971
2
ST = o /k (0.332 + 2.022 mx + « « .)
v 20, N VX

b o2 P%FR (o 664 4 L.OM
umz/ch 2J§e: ( + mx + ) (53)

The recovery tempersture for an Ilnsulated plate 1s altered by the
relative motion between the magnetic field and the fluid at the plate.
The differentlal equation for the perturbation profiles are obtained by
inserting equation (46b) into equation (52a).

2 2 2
£2fo LM + P—(;L [(1 - 1)+ 2fo“f2“] =0
P

fo
Ta“ + E-Ta' - fo'Tg -

(Ska)

Several typlcal temperature profiles (teble II(c)) are shown in sketch (x).

Sketeh (k)
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The recovery temperature at the well is changed due to the J%/¢ or jJoule
hesting caused by the relatlve motlion between the magnetic field and the
flvld at the plate; that 1s, the recovery temperature at the wall is glven
by

2
Tr=To+l-6:L’+%mx+o- e ™ e ¢ oo

2

Tr=Tw+-:—°é;(l+3.228mx+...-...) (54b)

The heat transferred to the plate may also be wrltten as
q= hgl' - Ty), vhere T, 1s the recovery temperature glven by eque-
tlon b) end T; 15 the wall temperature. 8Since the magnetic field
Increases T, as well as T, the heat-transfer rate 1s Ilncreased In
two ways.

Magnetic Fleld Fixed Relative to Plate - Filuld of
Variasble Conductivity

Veloclty profile.- Numerous problems in fluld dynemles exlet wherein
the electrical conductivity of the fluld or the strength of the magnetlc
fleld changes wlth dlstance from the surface. The magnetic fleld strength
can be veried somewhet by the deslgn of the epparatus. It is possible
to adJust not only the strength of the f£ield but also the varlation with
distance from or along the surface wlthin certain physlcel Iimits. A
first epproximation to the shape and magnitude of most magnetic flelds
would be a mlform magnetic fleld of constant megnltude throughout the
flow fleld. Such & megnetlc system will once ageln be chosen for this
case,

The electrical conductivity of the fluld would be expected to vary
in a complicated manner In directlons along and perpendlcular to the sur-
face and from one situatlon to the next. The constant value chosen for
the conductivity in the two previous ceses is not realistic. The con-
ductivity willl vary under actual conditions of flow in a boundary layer,
This wlll surely change the skin friction and beat transfer from that
found in the lsst two cases. A loglcal variation will be studied in this
sectlon to see how large an effect a varlable conductlvlity willl have on
Ce and h, :
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It 18 to be expected that the conductivity wlll vanish at the outer
edge of the boundary layer snd reach e maxirum somewhere near ‘the surface.
The equations which can be used_
to determine the number of ioms
(end hence conductivity) in a
sl stream at high temperature or

under clrcumstances whereln

combustion is teking place, are
Shock mer oy " cunbersome. Therefore, & sim-

ple, -spproximate, analytlcal
relatlion for the electrical con-
ductivity as a function of tem-
(Ref. 3 perature between the plate and
outer edge of the bowndary layer
was not found. The conductivity
of alr after the padgsage of a
normal shock wave 'has been
/ measured In a shock tube and

T Ex% reported on page 339 of refer-
ence 3, The conductivity 1s
o , o , reproduced in sketch (1). At
0 10 20 30 Mach numbers above 20, the data
Mach number are spproximated by a stralght

gketeh (1) line.

H

o, mhos/ inch
L
3
5

)
L

In view of the lack of knowledge of the varliatlon of ¢ In the
boundary layer, a linear relation between the veloclty decrement and the
conductivity will be chosen for this case. Therefore, it will be assumed

that
o= ao<u°°u; u) (55)

vhere o, 1s the conductivity et the surface, where u = 0. Whether
equation (55) is reslistlc is uncertain. Inserting the expression (55)
into equation (24) gives

du du u — 3%
ua_x+va_y.+%(um-u)=va';-2- (56)

As before, an ordinary differentlal equatlon for each of the fumctlions
£y, fo, fsy £45 « . « results when the varisbles in equations (25)
end (26) are inserted into equation (56) and like powers of mx are
equated. The boundary conditions are



fo = fl = fz = fs = f4 = e 0 e = 0 'When- Tl = O
fol = fl‘ = fal = fa' = f4' =, 4. 0=0 when n= 0]
fol =1 ? flt = fa' = fa' = f4' = . 6 0o =0 when N =

= 0 throughout the flow fleld and the
fo and £; Dbecome,

Once a@in fl = fs = e o o
differentlel equations for

£aM = £1E,! - %fafo" - %fofzﬂ + £ (1 - £o') (5T=)

£ = 2F5TE, N+ 5 Ep! -% £ L -g- £,E," -g B Lo+ o Ea +E21 (1 - £o')

(5m)

The numerical integration
of equation (57a) was carrled
out by the method used 1In the
other cases and the results
are tebulated in teble ITI(a).
Typlcal boundary-layer veloc-
ity profiles are shown In
sketch (m). The local skin-
frictlon coefficlent 1s

_0.66hk - 0,627 mx + . . .

Fey 7
(582)

and the displacement thickness
is

Cp

¥ = (L. T3+0.97Tmx + . . .) /!25

Uy o 4 8 ¥-]

(58b)

The force on the magnetlc fleld ls expressed by

13> 0
F=-8.85><10"1°o‘302\[ UV X (L-go' ~mxfpt = ... )(£" +mxEy! + ... )dy/sq in.
°
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The integral is evaluated through the use of equation (5Ta) and
table ITI(a) es

F = 0.738X10™®aBo” J U7X (0.664 + 0.649 mx + . . .)1b/sq in.  (59e)
or, integrating from the leading edge to x,

F = 0.492107*%x¢ B * JU¥x (0.664 + 0.390 mx + . . .)Ib/in. width
(59b)
Bquation (59b) expresses a drag force on the plate vhich is to be added

to the friction drag. In coefficlent form, the local drag on the plate
due to the magnetlc field 1s

(L.328 + 1.209 mx + . . .) (60a)

cBJ—

When equations (58a) and (60a) are added, the net local force coefficient
to a first order in mx is

ep = (0.664 + 0. TOB mx + . . .) (60p)

NRex

The interference of the magnetic fleld reduces the skin friction at the
expense of & hilgher drag.

reture proflle.- The thermal-energy transport equation is

reduced 1in the menner used in the previous ceses. The electrical or
Joule heatling 1s now described by

£ opa(n)e

Equation (11) is then

¥ _ 9B __CRBT Su\
pCPu Tl el G R - “@3) (61)
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If equation (56) 1s multiplied by u end added to equation (61),
the resulbing equation for the transport of total energy is identical
wlth equation (36). Once again, the temperature distribution is changed
but the total energy of the fluld 1s not altered by the presence of a
magnetic fleld.

The change of variebles £, 1, the stream functlion, ¥, and temperature
expansion glven by equatlons (25), (26), and (37), respectively, are now
introduced into equation (6L). A set of linear ordinary differential
equations for Tg, To; Tgy « . « 18 obtained for this case when like powers
of mx are equated. The expression for T, is once again the same as
equation (39). The differential equation for Tp is

T," £, 3 2 2 .
uw 1 n
=t " £o'Te + 5 BT, + = [(1 - £,1)E,YT + 28518, ] =0
(62)

If 1t is assumed that Pr = 1 and the expression for T,' 15 lnserted
into equation (62), the result is

£.T 2 1
o2 U~ |3 = + (1 -2 2,
L - T + 2= [_ b g fo'<2 - fo') (- o' )fO' afonfau] =0

o "2
(63)

Numerdcel integration of equa-~
tlon (63) wes carried out by the
method used for the previous
cases. The results are presented
in teble ITT(b) and several tem-
perature profliles are shown in
sketch (n). The coefflclent for
the convective heat-transfer rate
1s glven by

n =22 (0.664-0.206mx = . .4...) 7T

" (6%)
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The influence of the magnetlc fleld on the heat-transfer rate and
skin friction is not so large in thls case as in elther of the two pre-
vious ceses (eqs. (33a), (M), (49a), and (53)). From these results,
it is apperent that the change in the heat-transfer rate and the skin
friction 1s strongly dependent on the menner in which the conductivity
(or magnetic fleld strength) vary through the boundary layer. A magpetic
field which chenges in strength with distance from the surface and a
varieble conductivity are to be expected in the reel physicel situatlon.

Te differentiasl equation for flow over an insulated plate is obtalned
by substitution of equation (46b) into equation (62).

£ 2 2
To" + °:2 - £,'Ts - —3:: £ 812" + "“3; [(1 - £,1)20"2 + 2fo"f2":l -0
?

The temperature profilles for
several values of mx are
shown in sketch (o) and tabu-
lated in table III(c). As
would be expected, the recovery
temperature at the wall is not
altered by the magnetic fleld
because there 1s no relative
motion between the fluld at the
wall and the magnetlc fileld,

MAGNETIC PARAMETER
Units

The importance of the

magneto-hydrodynamic effect
depends on the size of the

dBoz
Pl

magnetic parameter m =

The usual engineering wmits
. are: o in mhos/inch; B, in
Sketch (o) _ lines/square inch; p in

slugs/cubic foot; end u, In

feet/second, If each of these quentities is expressed as such, the param-

eter mx will be dimensionless only if multiplied by a factor which

relates the various dimensional quentitles. When the correct conversion

factors are inserted, reference 27,
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)]

m = 1.529x10712 (65a)

() w2

W]
&)~

vhere p = 0.002378 slugs/ft> 1is the alr density at sea level.
(o]

or

m = 6.432x10 r inch (65b)

Another method of £inding the converslon factor for m 1s to combine
the electric motor equations (ref. 34)

F = 8.8507x10™® B, 11 1b (66e)
-8 e
E = B,lux10™ volts = = (66b)
so that
E‘E‘E

8 8w7>a-0-16 302 ]b gec
u® in.

or

_ _force/1® _ (8.8507) (1728)10™1° 0'30_2__
po(p/pg )i 0.002378 (o/p,)u

per Iinch

2
- 6.432x10"° — S ___ per inch
(o/05)u

In words, the parsmeter m expresses the ratlo of electromagnetlc force
density to dynamlc pressure.
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The velue of m can easlly vary over many orders of megnitude.
However, the denslty p and veloclty u associated with a particular
vehicle are generally fixed within relatively narrow limlts. It remains,
then, to adjust the conductivity and magnetic field strength so that the
deslired characteristics are achleved. The limlts for the magnetic ﬁi.d
gtrength 1lie between zero end a maximum (discounting astrophysicael possi-
bilitles of about 10° l:l.nes/sq_ in. The electrical conductivity depends
on the fluld consldered and can vary over wlde limlts from very small
values for insulators to epproximetely 105 mhos/inch for metals. The
results of several investigetions of the conductivity of gases will be
discussed 1n the next section.

Electrical Conductivity

The informetion on the electrlical conductivity* of gases under the
speclal conditions of this report is not large. However, it 1s known
that the air around & mlssile will be a conductor 1f: (1) the energy
imparted to the alr is great enough to ilonize it; (2) metal 1s ablated
from the misslle; (3) the missile 1s In the lonosphere where the air is
ionized by radiastion from the sun; or (4) other speclal devices are used
to lonize the alr, such as lrradiation by high energy particles.

The electrical conductivity of alr behind a normal shock wave has
been measured in a shock tube and 1s reported on page 339 of reference 3.
The results, replotted in sketch.(1), indicate conductivities of the order
of 1 to 5 mhos/inch for elr behind strong shock waves.

Firings of ultraspeed pellets, references 35 through 38, indicate
that another phenomenon will enter the problem of conductivity. Fhoto-
graphs and spectrographs taken with speclel cameras show that metal is
eroded or ablated from the pellet and swept off the model into the weke
where it bums. 8Since the metal is in a liquld spray or vapor form whlle
it is in the viecinity of the pellet, the conductivity there would be
increased by a sizable amount. It would be dlfflicult to estimate the
orders of magnitude to be expected. The tests show that the air can be
made & conductor by ionization of its molecules and atoms and/or by metal
vapor or spray eroded from the surface of the vehlcle. It is pointed out
in reference 39 that the latter effect predominates when meteors enter the
earth's atmosphere.

“Good electrical conductors are always good thermal conductors. The
ratio may be expressed approximetely as (ref. T),

£=ﬁ<£>2
oT 3 \e

vhere k 1s the coefficient of thermal conductivity, k¢ 1s Boltzmann's
constant, and e 1s the charge on an electron.
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The alr in the lonosphere 1s partlaelly lonized by radietion from the
sun so that it is & conductor without addlition of energy from the alrcraft.
The amount of lonlzation at various altlitudes and the total number of
particles are listed in tebles 2 and 9 of reference 40. A rough estimate
of the conductivity 1s found from reference T as

2

_ Ne le
meUe

¢ s 3x1071€ p ENE mhos finch (67)

where 1g, Mg, 8nd Ue are the mean free path length, mass, and velocity,
respectively, of the electron and N, and N are the particle density at
sea level and the altltude In question. The factor n 18 the electron
density. The velues for ¢ range from 10=4 mhos/in. at 62 miles altitude
to ebout 32 mhos/in. at 250 miles altitude.

The large varlety In fuels mekes 1t dlfficult to bracket the magnitude
of the conductivlity of combustion products but Informatiorn 1s avallable for
several cases. It was reported in reference 5 that the conductivity of the
Jet from a 50-powmd thrust acld-aniline rocket motor was measured as belng
sbout 10-€ mhos/in. It was added however, that the addition of a small
amownt of an impurlity such as sodlum would strlkingily increase the electron
density.

A discussion is given in reference 6 of simller experiments and theory
on the combustion of hydrocarbon fuels. The experimental evlidence required
that the number of electrons in the combustion products (1011 to 1014
per cc) be several orders of magnltude greater then predicted theoretically
(108 to 10° per cc). The maximm conductivity cen be estlmated by
equation (67) to be roughly 10-2 mhos/inch. '

Although the conductlvlitles dlscussed are low compared wlth those
of metals, they appear to be large enough so that appreclable megneto-
hydrodynemlc forces can be exerted. If the conductivlty is too low for a
speclfic case, 1t may be possible that alkaline salts or some other
eddltive can be used to Increase the number of free electrons and lons.

APPLICATTONS

The possiblillity of using a magnetic £leld to prevent s hot fluid from
coming in contact wlth a wall which it would dlssolve or destroy was dls-
cussed in the introduction. The extent to which this can be accomplished
is measured directly by the parameter m = (0By2/puy,). The larger the
paremeter m 18, the more effectively the "fluld suspension" process can
be carrled out. The Influence of the megnetic fleld on the fluld i1s
expressed in equatlions (33), (u4%), (49), (53), (58), . . . by the product
mx. The distance x represents an "adjustment dlstance" required before
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Lo Streamiines the fluld responds & given
f amovmt or adjusts to the mag-
— netic lines of force., If the

magnetlc paremeter is very
large, the adjustment distance
wlll be very small end the
fIuld will follow the magnetic
lines of force qulte closely
as indicated in sketch (p).
The megnetic force restralns
eny motion across the lines of force because the Inertla forces are
insignificent in comparison. In this limlt the magnetic lines of force
ere the same as invisible solid boundarles.

If the persmeter m 1s very smell the adjustment distence x Dbecomes
very large and the influence of the magpetic fleld becomes negligible.

The numbers quoted in the last sectlon for the conductivity and fleld
strength indicate that most of the applicatioms will lie between the two
extreme limits.

Flow Over a High-Speed Vehlcle

Magneto-serodynamic effects may be used to alter the external flow
over a mlsslle. Examples which 1lllustrate the changes Iin the boundary
layer will now be discussed.

The skin frictlon on an alrcraft mlght be reduced by Judicious use
of a magnetic fleld either to inhibit transition to turbulent flow or
to slter the boundary-layer proflle. It has been shown In references 13
and 14 that the length of laminer xun in a channel can be extended 1f a
trensverse or parallel magnetic field is applied. The results for the
parallel field mey perhaps be used as a rough estimete for the boundery
layer flowlng over a misslle. Care should be exercised in applylng the
results of reference 1k because the transverse magnetic field changes the
velocity profile so that the pressure gradlent in the channel and the
shear stress at the wall are lncreased. The net result is an adverse
effect on the frictlon drag. An advantage, counteracting the lincreased
skin friction, may be realized through a stabillzatlion of the boundary
layer, thus avolding transition.

The numerlcal results of teble I and the equations (33) and (ki)
mey be used to estimate the effects of a magnetic fleld attached to an
gircraft on boundary layers of uniform electrical conductivity. The
model analyzed theoreticaelly wlll probably never be duplicated in a
physical sltuation. However, circumstences mey arlse wherein the con-
ductlvity and magnetic fleld are such that they vary only slightly or
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are almost wmiform in a leyer of finite depth. This might occur, for
example, (1) in the boundary layer of high speed aircraft; (2) in the
reglon between the surface of a blunt body and 1ts shock wave; (3) in
locel reglons near an sircraft when masterlal is being ablated from the
surface; or (4) in the lonosphere wherein ailr is lonized by radiation
from the sun (ref. 40) and is then a wmiform conductor, provided the
influence of the alrcraft is small. The fact that the layer 1s of finite
thickness causes the equatlons to be 1n error at the Interface. However,
1f the conducting leyer 1is relatively thick the equatlions would sexrve as
& good estimate in the vicinlty of the surface.

The second seml-infinite flat plete case which was analyzed,
equations (L49) and (54), could be thought to correspond to flight over
the magnetic poles of the earth or through some other magnetic field.

The electrically conducting fluld could come ebout by the same processes
mentioned in the previous peragraph. As before, the magnetic field
strength and electrical conductivity wlll probebly not correspond exactly
to the model anslyzed. A close approximation 1s obtained when a mlsslle
flies through the lionosphere over one of the magnetic poles of the earth
(provided the influence of the alrcraft on the electricel conductivity of
the alr and on the magnetic fleld is small)., Since the earth’s magnetic
field is small (B, = I lines/sq in. from ref. 41}, effects of this type
are generally negligible in the lower reaches of the lonosphere. At the
higher altitudes the magnetlc parameter 1s large enough to cause a change
in the heat-transfer rate but at those altitudes the mean free path is so
large that the continum flow analysis of thls report is no longer
applicable.

If the elr In the boundary layer is
ionized by frictlonal heating, the con-
ductlivity of the alr wlll change with
distance from the surface (sketch (q}).
The actual varlation to be expected would
be difficult to predict theoretically.
The solutlon for a boundary layer wlth
vaerisble electrlcal conductivity found
(eam. (5B, (59, (0), wmd (60)) &

eqs. s (59), , and (6k4)) snd

tebulated in teble ITT can be used as an Sketeh (a)

approximate answer. Equation (58) shows that the skin friction cen be
reduced by & sizsble amount at the expense of increased totel drag (see
eq. (60)). The adventages of using a magnetic field lie in the possi-
bllity of reducing the aercdynamlc heating, as expressed by equation (64).

The precedlng dlscusslon deslt with the advantages that may be
achieved by reducing the skin frictlon, heat transfer, or turbulence.
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Favoreble effects may also be cbtained
by increasing the dlsplacement thick-
o ness 6f the boundary layer. 8Such a
Bowdary-layer sdge  device, sketch (r), could be used on
the lower surface of a wing or body to
Magnetic Line induce forces for 11ft, control pur-

\ poses, or drag. The magnitude of these

forces 1s easlly changed by incressing

or decreasing the fleld strength which
in ‘turn lncreeses or decreeses the
Sketech (r) displacement thickness.

FHINMimnm g
VT ."é lb\.\>>\\\,ﬂd\\%

S8everal additlional problems arise when magneto-hydrodynemlc effects

are used. The system generating the magnetic fleld wlll need to be cooled
slnce its parts willl dlssipate power. Also, the welght of the unit
required to generate a magnetic fleld of sufflclent strength may be too
large to comsider, or of such a slze that any advantages are nulllifled.
If the slow moving fluld is hot enough to radiate energy, a slzable quan-
tity of heet mey be transferred even though the hot fluld is not in con-
tact with the surface. An evaluation of this effect would require a more
complete analysls than the solutlions developed in this paper.

Whethexr the applicatlons Just dlscussed can actually be made depends
on the magnltude of the quantitles entering the parameter m. Consider,
for example, an alrcraft moving through the upper atmosphere at 25,000
feet per second. From sketch (1), & conductivity of not over 5 mhos/inch
is to be expected. If p/p, 1s teken as 10-%, and the sbove values are

inserted into equation (65b),

o 5302

m = 6.’-(-3)(10_1

In sketches (f£) through (o), it is seen thet the product mx ghould be
of the order of 0.1 for a notable magneto-amerodynamic effect to be brought
about, If x 1s taken as ebout 100 inches, the magnetlc fleld strength,
By, should be around 1000 lines per square inch so that the product mx
is equel to 0.1. A magnetic fleld of such a strength is not unressonsable,

Flow in Propulsion Unlts

The dlscussion on the reduction of skin frictiom and heat-transfer
rate to the walls of an alrcraft by electromagnetlic forces appllies as
well to the intermal flow of reactlon engines. It may be edded that a
uniform magnetic fleld across the Jet stream corresponds to the channel
flow problems studied in references 8 to 12 and 1k, In generel, imposing
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such s fleld increases the skin friction, equation (49a), and lowers the
thrust because of the Ilnterference of the megnetlc fleld. A compensating
Influence 1g realized through a reductlon in turbulence in the stream
(see, e.g., refs. 9 and 1k4) which lowers the skin friction, heat transfer,
and. probably the nolse level of Jet engines., Shallow magnetlc fields
appeer to be the most promlsing for reducing the heat transfer if the flow
1s nearly laminar.

The ceses and 1llustrations consldered so far have assumed that an
electrlc potential E has not been applled across the fluld. To do so
would add enother force term (see eq. (2)) to equatioms (7) and (11). If
a source of power is avallaeble, a combined electric and magnetic fleld can
be used to maneuver the £fluld., A possible spplication would be to use the
combined flelds to induce an electrlc motor actlon to obtaln very high
exheust velacltles.

CONCLUDING REMARKS

The leminar boundary-layer solutlons presented in this paper for the
flow of en electrlically condueting £fluld over a flat plate indicate the
changes that wlll be brought about by a transverse magnetic fileld. It
has been found that the skin frlction and heat-transfer rate are reduced
1f there is no relative motion between the plate and the magnetic field.
The skin frletion and heat-transfer rate Increased in the case where
relative motlon was assumed. Ir* all the cases studled the total drag was
Increased.

The product of the magnetic paremeter m and an adjustment distance
x 1s the quantlty whlich determines the effectlveness of the magnetic
field to change the heat-transfer rate. Other studles heve shown that
a magnetic fleld willl 1nhiblt transition to turbulent flow and thereby
retaln a lower heat-transfer reste.

All the cases studled, except one, assume that the conductivity and
magnetic fleld dld not change with dlstance from the surface. A more
realistlc case of a varlable conductlvity was consldered in one example
where & speclal varletlon was chosen., The reductlon Iin heat-transfer
rate and skin friction for a glven value of mx wes not as large as
when the conductlvlity was constant. This points out the Importance of
consldering the way in which the conductlvity and megnetlic field strength
change wlth dlstance from the surface.

Ames Aeronsutical Leborstory
Natlonal Advisory Commlttee for Aeronautlcs
Moffett Fleld, Callf., Mar. 13, 1957
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TABLE I.- MAGNETIC FIELD FIXED RELATIVE TO FLATE

(a) FMirst-order stream (b) Temperature function | (¢) Temperature fumction
function for cold plate for lnsulated plate
T T Tzl

f2 fg' fz" i . __2_ P T,

" w/26, | uw2/eoy | wEf2e, | uw2/egy

0 0 0 -0.894 o] -0.352 0 o

2| -.018| -.178| -.888 -.O47 -.115 024 .236
-1(' -.071 -.35’" '-868 -.046 -l]-6 -09"" -""65
b =159 -.%25]| -.835 -.001 .336 .209 679
o8 -.281 ".687 '0789 -087 0538 5361|- -867
1.0} -.433}| -.839} -.T30 .213 .75 . 554 1.024
1-2 "0615 --978 --660 0370 -859 -771 1-139
l.hf -.82L}-1.102] -.5T9 «553 965 1.006 1,207
1.6] -1.055 | -1,209 | -.489 <75k 1.028 1.250 1.224
1.8[-1.306 | -1.298 | -.39L4 .962 1.047 1.ho2 1.187
2,01 -1.573 | -1.367 | -.296 1.169 1.020 1.722 1.102
2.2 | -1.852 | -1.516 | -,197 1.367 .95 1.930 .973
2.‘4‘ -2.138 -lam "0103 lo5"|'9 |85"l' 2-108 .8].1
2,6 2,429 } -1.458 | -.017 1.707 .T30 2,253 .628
2.8 -2.720 | -1.L454 .059 1,840 .593 2.359 o
3.0 | ~3.010 | ~1.435 .121 1.9Lk 453 2.h29 .259
3.2 | -3.294 | -1,L06 .168 2,021 .321 2,46l .096
3.4 ] -3.572 | -1.369 «201 2,07k «205 2.469 -.039
3.6 | -3.841 | -1.327 218 2,105 .108 2,451 -.143
3.8 | ~4.102 | -1.283 222 2,118 .033 2,414 -.213
L,0| -4.354 | -1.239 .216 2,119 -.020 2.367 -.253
k2| -k.598 | -1.197 .200 2.112 -.054 2.315 -.267
k| -4.833 | -1.159 .180 2.099 -,0T2 2.262 -.260
4,6] -5.062 | -1.125 .156 2,083 -.078 2,212 -.239
k.8 -5.284 | -1,097 .131 2.068 -.075 2.167 -.210
5.01{ -5,501 { -1,073 .107 2.054 -.068 2.128 - 177
5.2 { -5.713 | -1.054 .085 2,041 -.058 2,096 -1k
5.4 1 -5,923 | =1.039 .065 2,030 -. 047 2.070 -.113
5.6 | -6.129 [ -1,028 . 2,022 -.037 2,050 -.087
5.8 | =6.334 | -1.019 .036 2,016 -.028 2,035 -.06k
6,0} -6,537 | -1.013 .026 2.011 -,021. 2,024 -.047
6.2 | -6.T39 | ~1.009 .018 2.007 -.015 2.016 -.033
6.4k} -6.941 | -1.006 012 2,005 -.010 2,011 -.022
6.6 -7.141 | -1.00L .008 2,003 -.007 2.007 -.015
6.8 -7.342 | -1.002 005 2,002 -.004 2.005 -.010
7.0} ~7.542 | -1.001 .003 2,001 .003 2.003 -.006
Te2 | =T« T43 | -1.001 .002 2,001 002 2,002 -,00k
T.4 1 -7.943 | =1.001 .001 2.000 001" 2,002 -,002
- 7.6 ] -8.,143 | -1.0 .001 2,000 .001 2,001 -.001
7.8} -8.343|-1.0 | O 2,000 0 2,000 -.001
8.0} -8.543 | -1.0 0 2.000 0 2.000 -.001
8.2 ] -8.743 | -1.0 o 2,000 o 2.000 -.001
8.1+ | -8.943 | -1.0 o 2.000 o] 2.000 -.001
8.6] -9.143 | -1.0 0 2.000 0 2.000 -.001
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TABLE IT.~ MAGNETIC FIELD FIXED RETATIVE TO FLUID

(a) First-order stream | (b) Temperature function| (c) Temperature function
function for cold plate for insulated plate
iy Te' T2 To'
] n ———— ————— ——
LR | wFee | wER | wERes, | wEleg
(o} o 0 1147 0 2.022 3.228 0
2| 022) .210} .953 337 1.370 3.163 -.631
oj'l' 0081 -3& .773 -555 -821 2-985 -1-121
61 172 | .520] .606 672 «370 2.723 =L b77
81 .287| .626] .453 .T09 .01k 2,403 -1.710
1.0} .k20} .02} .312 684 =253 2.047 -1.830
1-2 u566 .m 0186 061-3 --438 11677 -1.851
1-1l' -7].9 -m .O'R cm --511'9 ll312 -1-786
1-6 1876 ¢78]- --028 -398 -.596 -%T -1.6?
1.8{1.03L} .767|-.113 279 -.589 654 ~1.466
2-0 lc]-Bl -’BT ".lall' ll.r5 --51.'1 -383 -1-21‘-5
2.2 |1.325] .69L ] -.2k) .06l - 6L 158 -1.006
2.4 10458 -6"'2 -.2& "-019 -.369 --019 -r'ﬁ
2.6 1.581 -5& -.310 -0083 "5269 --l}-l-9 --539
2-8 1-691 -ﬂ9 --323 --127 -cl'm '-237 -.337
3.0 10788 -1{'511- -.32," _.153 -0087 _.286 -.]ﬁ
3.2 {1.873] .390] -.314 -.163 -.017 -.305 -.030
3-"" 1091”4' -329 "-296 -.16]- .036 -.301 1069
3-6 2.ml|' .2’2 --270 -ulll'g .O.E -.2& -13]{'
3-8 2-05"[‘ .221 -.2‘*0 --133 -092 --21"9 -l’n.
k.0 }2.093( .176]-.208 -.114 .099 -.213 .184 °
11‘52 2-12]" o]-38 -.176 --09]'[' 0097 "-177 .lBl
j"'all' 2-1"‘9 lms --1&5 "'1075 -089 --11['2 ll“
1!‘.6 2.]—67 .079 -.JJ-T -.058 1077 --11]. -lll-ll-
"I'ta 2.]-81 .0% ~e "-o"l'h' .o& "1081" .120
5.012.101 | .0k} ~-.07T1 -.033 .051 -.063 097
5.2 2-198 .030 --053 -.0211— -Oll-o —.Oll-5 '076
5.k |2.203} .021|-.039 -.017 .030 -.032 057
5-6 2-206 lo:l-h‘ -0028 --012 1022 -.022 -0‘12
5.8 2.209 .009 _-020 "-ms 0016 --015 -030
6.0 |2.210 | ,006 | -.013 -.005 011 ~-.010 021
6.2 |2.211} .00k | -.009 -.003 007 -.006 .01k
6I1l' 2.2]2 -Ow -.006 -.(m .w5 --mh' .010
6.6 |2.212 | .001 | -.00L -.002 .003 -.003 .006
6.8 |2.212 | ,001 | ~-.002 -.001 002 ~-.002 .004
T.012.213 |0 - o .001 -.001 .002
T.2 |2.213 ] O -.001 0 001 -.001 002
T-4l2.213 |0 -.001 o o 0 001
T.6]2.213 |0 0 o 0 0 001
7.8 12.213 | O 0 0 ] o 0
8.0)2.213 |0 o o 0 o o
8.2 |2.213 |0 ) o 0 ) 0
8.k i2.213 {0 0 o] o o o]
8.6 [2.213 |0 0 0 0 0 o
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TABIE III,- MAGNETIC FIELD FIXED RELATIVE TO PLATE -
VARIABLE CONDUCTIVITY

(a) Flrst-order stream (b) Temperature function | (c) Temperature function
funetion for cold plate for insulated plate
" . £ o Ta Ta' . Ta Ta'
2 1® = u.2/2C; w220, | u2/2c; u/2Cp

o o 0 -0.313 o =0.103 0 0

c2 -.006 -.062 -.307 --012 --021 -we ¢082

.ll' ".025 -.]22 -.289 -omg .056 -032 .l%

.6 -.055 "-177 -.2& -wg n]-22 -071 .221

.81-.095 | -.226| -.226 .039 «1T3 .120 .268
1.0 -'11;5 -.267 -.]-85 .OTT ‘207 01.76 .295
1-2 -'202 -.300 ".139 .121 -223 l236 .3m
l.)'l' -I26,+ --323 --0% -165 n220 .295 .283
1.6 [ -.330 | =336 | -.045 208 199 .348 .246
1.8}-.398}-.341]| © L2k .163 .392 .193
2-0 --h& --337 omh’ lalm .]J-T lhall‘ .128
2-2 ".532 --325 IOTT -2% -06}1' u)'l"'l'3 '0%
2-1" -.596 --307 -l% -298 0010 .h‘h‘? "-015
2-6 "-655 '¢283 -128 -29]'|' --0"”- nh‘37 -.081
2-8 "n709 --256 .]J'|'3 1281 --085 .1'[115 "-138
3.0 -0757 "0226 -lw -261 -.]—1-8 0383 --lao
3.2 --799 "0196 ulm -235 "’-l"l'o 03"#" -0208
3¢l'|' _.835 --167 .]-)'l'll' 0205 -015]- .301 “-221
3-6 --866 --139 -]-3*"' 1175 ".l? .2% ".221
3-8 -0891 "-]J-a .121 -]-11'6 ".l]'l's -2]-3 "-210
1|-.0 ".91]- "-0% l106 .1.18 --132 1173 -.191
’+l2 -0%7 -.07]. .om 0093 "cu5 -1-37 "1167
‘-l-.ll- --911'0 --05’1- -075 ¢072 ".097 .106 -.lll'l
1"-6 ".9’1‘9 "-OM- .0& 1051|' -.079 .080 -.116
1!--8 --9% -.030 .0’-!-7 .011-0 -.063 -060 --0%
5-0 ".%l --022 n°36 -029 -.01#8 'o}’l'3 -0072
5.2 | =965 | =015 ] 027 .020 ~-.036 031 -.054
5."" -.968' -lou -mo uol"l' -.027 .021 -.oh'o
5-6 -.970 --007 -Olll- -wg "1019 .015 -.028
5-8 --971. -0005 .010 -W6 —501-3 .010 -.020
6-0 --9'2 -.003 -007 imh‘ -.w9 0006 -.Ol’-l-
6-2 --9.R --0(2 .ws -m3 -.006 .OOII- -.wg
6-l|' -.972 -.001 .003 -m —.0011- .wS -.WG
6-6 -«973 --Wl .m2 .001 -.003 .wa 'nwl{'
6.8 ] -.973 | -.001 .001 001 -.002 .00 -.002
7-0 -.973 0 owl 0 -.001 .001 -.wl
712 "‘.973 o 0 O --ml o --wl
T4 | =973 |0 o o o 0 -.001
T.6 | -.973 |O 0 0 o o -.00L
T.8 | -.973 |O 0 (o (o] 0 -.00L
8.0 1-.973 |0 0 0 0 0 -.001
8.2 -.973 0 o 0 0 0 -.001
8.4 [-.973 |O 0 o 0 0 ~-.00L
8.6 | -.973 |0 0 0 o 0 -.001
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